Abstract. A Gelfand model for a finite group G is a complex linear representation of G that contains each of its irreducible representations with multiplicity one. For a finite group G with a faithful representation V , one constructs a representation which we call the polynomial model for G associated to V . Araujo and others have proved that the polynomial models for certain irreducible Weyl groups associated to their canonical representations are Gelfand models.
Introduction
Let G be a finite group. A Gelfand model for G is a complex linear representation of G that contains each of its irreducible representations with multiplicity one. One is interested in finding 'natural' Gelfand models for classes of finite groups.
Klyachko and others ( [5] , [9] , [10] ) gave a construction of Gelfand models for the groups W ðA n Þ, W ðB n Þ and W ðD 2nþ1 Þ. It is obtained by taking a sum of inductions of certain one-dimensional representations of involution centralizers, hence called involution model. It is easy to see that, for a finite group G, the dimension of an involution model for G is equal to the dimension of a Gelfand model for G (i.e., the sum of the dimensions of all irreducible representations of G) if and only if every irreducible complex linear representation of G can be realized over R. Therefore, if a group G has a non-real irreducible representation then any involution model for G is never a Gelfand model. Thus, the study of involution models is rather restricted.
In this paper, we study another approach for constructing a Gelfand model. For a finite group G and a faithful representation V of G, we define the polynomial model for G associated to V , denoted by NðV Þ, to be the space of complex valued polynomial functions on V that are annihilated by all G-invariant di¤erential operators with polynomial coe‰cients of negative degree (see Section 2 for more details). Araujo and others ( [1] , [3] , [4] ) proved that the polynomial models associated to the canonical representations of the Weyl groups W ðA n Þ, W ðB n Þ and W ðD 2nþ1 Þ are Gelfand models.
The purpose of this paper is to study polynomial models for all finite Coxeter groups, irreducible or not, associated to their canonical faithful representations. In Theorem 2.4, we give another description of the polynomial model NðV Þ associated to a faithful representation V of a finite group G. Our description is easier to work with and gives much more information than the original description in [1] . For instance, it is quite clear from Theorem 2.4 that an irreducible representation of G is always contained in any polynomial model. Thus, NðV Þ is a Gelfand model for G if and only if the multiplicity of each irreducible representation of G in NðV Þ is one.
The question now is to compute the multiplicity of an irreducible representation of G in its polynomial model NðV Þ. If G is a finite Coxeter group, then this question is related to the study of the fake degree of an irreducible representation of G. In Section 3, we recall some well-known facts about finite Coxeter groups and the fake degrees. Section 4 is devoted to proving the following main result.
Theorem 4.2. Let G be a finite Coxeter group and let V be its canonical faithful representation. The polynomial model NðV Þ for G is a Gelfand model if and only if G has no direct factor of the type W ðD 2n Þ, W ðE 7 Þ or W ðE 8 Þ.
Remark. Every irreducible representation of a finite group G is contained in any polynomial model for G (see Theorem 2.4) . Hence a polynomial model for G is a Gelfand model if and only if its dimension is equal to the dimension of a Gelfand model. On the other hand, as discussed above, the dimension of an involution model for a finite Coxeter group G is always equal to the dimension of a Gelfand model for G. Therefore, an involution model is a Gelfand model for a finite Coxeter group G if and only if it contains each of its irreducible representations.
Thus, in the case of finite Coxeter groups, involution models and polynomials models have complementary properties and it would be interesting to study the interplay between these two models. We hope to take up this study in a subsequent paper.
We also believe that our description of the polynomial model in Theorem 2.4 can be used to describe Gelfand models for finite groups which are not Coxeter groups. A trivial example is that the polynomial model for a finite cyclic group G associated to any of its one-dimensional faithful representations is a Gelfand model for G.
The polynomial model
In this section, we define the polynomial model for a finite group G together with a faithful C-representation V . This is a certain subspace of the ring of complex valued polynomial functions on V . In Theorem 2.4, we give another description of this representation space which turns out to be easier and more useful than the one given in [1] .
Let G be a finite group and let V be a faithful C-linear representation of G. 
Note that the degree is invariant under G-action. Let Z be the set of G-invariant elements of negative degree in W. Finally, let NðV Þ J A denote the space of polynomials annihilated by Z, i.e.,
It is clearly G-stable. We define the G-representation NðV Þ to be the polynomial model for G associated to V . We now begin our study of the polynomial model NðV Þ with the following basic observation.
Lemma 2.1. There exists a G-equivariant injective map : C½G ,! A.
Proof. Observe that, since V is a faithful representation of G, there exists a vector v A V such that g Á v 0 v for 1 0 g A G. Further, there exists a polynomial P A A such that PðvÞ ¼ 0 and Pðg Á vÞ 0 0 for g 0 1. We define the required map by sending g to g Á P. r Let A m denote the subspace of homogeneous polynomials in A of degree m. Since G acts linearly on A, each A m is stable under the action of G. It now follows from the above lemma that each irreducible representation of G is contained in some A m .
Further, let W p; q denote the subspace of W generated by the elements x a q b where
where f A Hom C ðA q ; A p Þ and P A A q . By letting W act on A, we get a Gequivariant linear map C : W ! Hom C ðA; AÞ. From this map, we obtain a Gequivariant linear map C p; q : W p; q ! Hom C ðA q ; A p Þ for each p and q. We now state and prove the main theorem of this section.
Theorem 2.4. Let V be a faithful representation of a finite group G. Let NðV Þ denote the polynomial model for G associated to V . For an irreducible representation U of G, let pðUÞ be the smallest integer such that U is isomorphic to a subspace of A pðUÞ and let C U denote the U-isotypical component of A pðUÞ . Then
Proof. Any D A Z maps A pðUÞ to 0 p<pðUÞ A p , hence maps C U to 0. Thus, C U is contained in NðV Þ. Further, if some A q , for q > pðUÞ, has a subspace U 0 isomorphic to U, then there exists a non-zero G-equivariant map from A q to A pðUÞ . This, by Corollary 2.3, comes from an element D A W G pðUÞ; q such that DðU 0 Þ 0 0. Since q > pðUÞ, we have degðDÞ < 0 and hence D A Z. This proves that the only homogeneous component of NðV Þ which has a subspace isomorphic to U is of degree pðUÞ. r Corollary 2.5. With the above notation, the polynomial model NðV Þ is a Gelfand model for G if and only if each irreducible representation U of G appears with multiplicity one in its first occurrence in the homogeneous components of A.
We complete this section with an easy observation and two consequences. Lemma 2.6. Let G 1 , G 2 be finite groups with faithful representations V i for i
Then the polynomial model NðW Þ for G associated to the faithful representation W is isomorphic to NðV 1 Þ n NðV 2 Þ as a G-module.
Proof. Let AðW Þ, AðV 1 Þ and AðV 2 Þ denote the rings of complex valued polynomial functions on the vector spaces W , V 1 and V 2 respectively. It is then clear that 
Finite Coxeter groups and fake degrees
In this section, we recall some basic facts about finite Coxeter groups and their representations. More precisely, we recall the notion of the fake degree of an irreducible representation of a finite Coxeter group. The basic results about Coxeter groups are recalled from [7] and those about the fake degree are recalled from [8] . Towards the end of the section, we describe the fake degrees of irreducible representations of some finite Coxeter groups.
A Coxeter system is a pair ðG; SÞ where G is a group generated by a finite set S with relations s 2 ¼ ðss 0 Þ mðs; s 0 Þ ¼ 1 for s; s 0 A S. If ðG; SÞ is a Coxeter system, by abuse of notation, we call G a Coxeter group. In this paper, we are concerned with finite Coxeter groups. Let G be a finite Coxeter group and let V denote the C-vector space generated by the basis ðe s Þ s A S . Then G admits a natural action on V determined by the following property:
This is a canonical faithful representation of G associated to the generating set S. In the rest of this paper, we shall not mention the generating set S and say that F : G ,! GLðV Þ is the canonical faithful representation of the Coxeter group G.
As described in the previous section, G acts on the ring A of complex valued polynomial functions on V . Let A G denote the subalgebra of G-invariant polynomials in A. It is known that A G is a polynomial algebra over C and, moreover, one has A G ¼ C½ f 1 ; . . . ; f n where the polynomials f i can be chosen to be homogeneous. The generating set f f 1 ; . . . ; f n g is not unique; however, the degrees d i ¼ deg f i are uniquely determined by the group G and its representation V (see [8, (2.4 
.1)]).
The quotient ring of A modulo the ideal generated by non-constant G-invariants, A ¼ A=ð f i Þ, admits a natural G-action. We decompose A into (G-stable) homogeneous components as A ¼ 0 id0 A i . It is known that A is isomorphic to the regular representation of G as a G-representation (see [8, (2.4.6) ]). For an irreducible representation U of G of degree d, let a 1 c Á Á Á c a d denote the degrees of homogeneous components of A, counted with multiplicities, that contain a subrepresentation isomorphic to U.
The polynomial f U ðtÞ :¼ P d i¼1 t a i is called the fake degree of the representation U. If w denotes the character of the representation U, then from [8, (11.1.1)] the fake degree of U can be computed using the formula
where d i is the degree of the homogeneous generator f i of A G , as discussed above.
Remark 3.1. If we write f U ðtÞ ¼ t qðUÞ Á g U ðtÞ, where g U ðtÞ is a polynomial with nonzero constant term, then qðUÞ is equal to pðUÞ, the smallest degree of the homogeneous component of A which has a subrepresentation isomorphic to U. Further, the constant term of g U ðtÞ is equal to the multiplicity of the representation U in A pðUÞ .
The finite Coxeter groups are classified by the corresponding Coxeter graphs (see [7, (IV.1.9)]). A finite Coxeter group is said to be irreducible if its Coxeter graph is connected, and a general finite Coxeter group is a (finite) direct product of irreducible ones. The irreducible finite Coxeter groups have been classified and, up to isomorphism, they are of the following types:
(1) classical Weyl groups: W ðA n Þ, W ðB nþ1 Þ and W ðD nþ3 Þ for n d 1; (2) We shall use this notation for the rest of this paper. The fake degrees of irreducible representations have been computed for various finite Coxeter groups. Steinberg calculated them for the groups W ðA n Þ in [13] whereas Lusztig and others computed them for many of the remaining finite Coxeter groups ( [2] , [6] , [11] ). We now reproduce the formulae for the fake degrees of the irreducible representations of classical irreducible Weyl groups from [11, §2] . We also compute the fake degrees for the groups H 3 and G 2 ðnÞ.
Fake degrees for W(A n ).
It is known that irreducible representations of the group W ðA n Þ G S nþ1 are in 1-1 correspondence with partitions of n þ 1,
For a partition a, we define l i ¼ a i À i þ m. Then the fake degree of the corresponding representation U a is given by
ð3:2Þ
Fake degrees for W(B n ). The irreducible representations of W ðB n Þ are in 1-1 correspondence with ordered pairs ðU a ; U b Þ of irreducible representations of S k and S l where k þ l ¼ n (see [11, §2.3] for the details of this correspondence). For the partitions a :
Then the fake degree of the representation U a; b , corresponding to the ordered pair ðU a ; U b Þ, is given by For an irreducible representation U of a finite Coxeter group G, we decompose the fake degree of U as f U ðtÞ ¼ t pðUÞ Á g U ðtÞ such that the constant term of g U ðtÞ is non-zero (as in Remark 3.1).
If G is W ðA n Þ, W ðB n Þ or W ðD 2nþ1 Þ then the constant term of the polynomial g U ðtÞ is equal to 1 for all irreducible representations U of G. Further, there exist irreducible representations U of W ðD 2n Þ such that the constant term of g U ðtÞ is 2.
Proof. We use the following notation: U a , U a; b andŨ U a; b , as above, for the irreducible representations of the groups W ðA n Þ, W ðB n Þ and W ðD n Þ respectively.
It is clear from the formulae (3.2) and (3.3) for the fake degrees f U a ðtÞ and f U a; b ðtÞ that for any irreducible representation U of W ðA n Þ or W ðB n Þ, the constant term of g U ðtÞ is 1.
Further, for the group W ðB n Þ, we observe from (3.3) that pðU a; b Þ ¼ pðU b; a Þ implies that jaj ¼ jbj and hence n ¼ 2jaj. Therefore, the irreducible representations U a; b and U b; a of W ðB 2nþ1 Þ have the property that pðU a; b Þ 0 pðU b; a Þ. As a result, we get that the constant term of the polynomial g U ðtÞ for an irreducible representation U of W ðD 2nþ1 Þ is always 1.
Finally, we note that the constant term of the polynomial gŨ U a; b ðtÞ, with jaj ¼ jbj and a 0 b, is 2. r Fake degrees for H 3 . The fake degrees of the irreducible representations of the group H 3 can be easily computed using the formula (3.1). The group H 3 is isomorphic to the direct product of the alternating group A 5 with Z=2Z ¼ f1; À1g. The group A 5 has five irreducible representations, which we denote by U 1 (the trivial representation), V 4 , W 5 , Y 3 and Z 3 , where the subscripts indicate the degrees of the representations. Each irreducible representation of A 5 gives rise to two irreducible representations of H 3 depending on whether the action of Z=2Z is trivial or not. Thus, we get ten irreducible representations of H 3 . We denote the irreducible representations in the same way as for A 5 if the action of Z=2Z is trivial and the ones with the non-trivial action of Z=2Z are denoted by U 
Fake degrees for G 2 (n). The degree of an irreducible representation of a dihedral group is at most 2. The group G 2 ðnÞ is generated by a rotation r of order n and a reflection s with relation rs ¼ sr À1 . The group G 2 ðnÞ has Â Ã , can be described by the images of s and r as follows:
and r 7 ! cos jy sin jy Àsin jy cos jy ; where y ¼ 2pi=n. We take W 1 to be the defining representation of the Coxeter group G 2 ðnÞ. By using formula (3.1) and the fact that the degrees of G 2 ðnÞ are 2 and n, one has f W j ðtÞ ¼ t j þ t nÀj . If n ¼ 2k þ 1, then G 2 ðnÞ has two one-dimensional representations with fake degree 1 and t 2kþ1 . If n ¼ 4k, then it has four representations of degree 1 and their fake degrees are 1, t k , t k and t 2k .
Polynomial models for finite Coxeter groups
In this section, we prove the main result of this paper (Theorem 4.2). By our description of the polynomial model in Theorem 2.4, it is enough to study the polynomial models for irreducible finite Coxeter groups. Again using the same description, we connect the study of polynomial models for a finite Coxeter group G with the study of fake degrees of its irreducible representations. We then prove the main result using some classical results of Steinberg, Lusztig and others which are recalled at the end of previous section. Finally, we give an explicit construction of the polynomial model for the dihedral group G 2 ðnÞ corresponding to its canonical faithful representation W 1 .
Theorem 4.1. Let G be an irreducible finite Coxeter group and let V be its canonical faithful representation. Then the corresponding polynomial model NðV Þ of G associated to V , constructed as in Section 2, is a Gelfand model for G if and only if G is not of the type W ðD 2n Þ, W ðE 7 Þ or W ðE 8 Þ.
Proof. Let G be a finite Coxeter group and let V denote the canonical faithful representation of G. We recall, from Corollary 2.5, that the polynomial model NðV Þ of G is a Gelfand model if and only if the multiplicity of each irreducible representation U of G in A pðUÞ is 1. By Remark 3.1, we further deduce that NðV Þ is a Gelfand model for G if and only if for each irreducible representation U of G, the polynomial g U ðtÞ (associated to the fake degree f U ðtÞ of U) has constant term 1.
The irreducible finite Coxeter groups constitute Weyl groups of split simple linear algebraic groups, dihedral groups, the symmetry group of the icosahedron, denoted by H 3 , and a group which is denoted by H 4 (see Bourbaki [7, (6.4 
.1)]).
Beynon and Lusztig, in [6, § §2, 4, 5] , have computed the fake degrees of irreducible representations for all exceptional Weyl groups. These computations, combined with Lemma 3.2, imply that when G is a Weyl group of a simple algebraic group, the polynomial model NðV Þ for G is a Gelfand model if and only if G is not of the type
Similarly, from the computation of the fake degrees of irreducible representations of the group H 4 in [2, §3] , it follows that the polynomial model NðV Þ associated to the canonical faithful representation of H 4 is a Gelfand model.
Finally, from our computation carried out in the previous section, it follows that the polynomial model for dihedral groups and the group H 3 is a Gelfand model. r Theorem 4.2. Let G be a finite Coxeter group and let V be its canonical faithful representation. The polynomial model NðV Þ for G is a Gelfand model for G if and only if G has no direct factor of the type W ðD 2n Þ, W ðE 7 Þ or W ðE 8 Þ.
Proof. This follows from Theorem 4.1 and Corollary 2.8. r
The polynomial model for G 2 (n). In the case of the dihedral group G 2 ðnÞ one can explicitly describe the polynomial model corresponding to the representation W 1 . Under this representation the images of the elements r and s are as follows: s 7 ! 1 0 0 À1 and r 7 ! cos 2p=n sin 2p=n Àsin 2p=n cos 2p=n
:
The group G 2 ðnÞ then acts on the polynomial ring A ¼ C½x 1 ; x 2 which we treat as the ring of polynomials in z and z over C, where z ¼ x 1 þ ix 2 and z ¼ x 1 À ix 2 .
Similarly, the Weyl algebra W can be treated as the algebra C½z; z; q; q where q ¼ Â Ã þ 2 (see [12] ). It therefore follows that NðW 1 Þ ¼ V and that NðW 1 Þ is indeed a Gelfand model for G. r
